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Up to two people can work on an assignment together. But each of you should be able to explain the

solutions. Write your names and your student book number on the sheets. Staple them together.

Assignment 6 Deadline: June 5, 2004

Exercise 1 : 5 + 5 + 5 + 5 + 5 Points

Prove or disprove the following statements:

(a) Shortest paths in a directed graph can change if one adds a positive constant to the weight
of each edge. Assume arbitrary edge weights.

(b) Shortest paths in a directed graph can change if the weight of each edge is multiplied by a
positive constant. Assume arbitrary edge weights.

(c) MSTs of a connected undirected graph can change if one adds a positive constant to the
weight of each edge. Assume positive edge weights.

(d) MSTs of a connected undirected graph can change if the weight of each edge is multiplied
by a positive constant. Assume positive edge weights.

(e) Binary heap implementation of the Dijkstra’s algorithm is always faster than the original
array implementation of Dijkstra.

Exercise 2 : 20 Points

Arbitrage is the use of discrepancies in currency exchange rates to transform one unit of a
currency into more than one unit of the same currency. For example, suppose that 1 U.S.
dollar buys 0.7 British pound, 1 British pound buys 9.5 French francs, and 1 French franc buys
0.16 U.S. dollar. Then by converting currencies, a trader can start with 1 U.S. dollar and buy
0.7 × 9.5 × 0.16 = 1.064 U.S. dollars, thus turning a profit of 6.4 percent.

Suppose that we are given n currencies c1, c2, . . . , cn and n × n table R of exchange rates, such
that one unit of currency ci buys R[i, j] units of currency cj .

(a) Give a polynomial time algorithm1 to determine whether or not there exists a sequence of
currencies 〈ci1 , ci2 , . . . , cik〉 such that

R[i1, i2] · R[i2, i3] · · ·R[ik−1, ik] · R[ik, i1] > 1.

Analyze the running time of your algorithm.

(b) Give a polynomial time algorithm to print out such a sequence if one exists. Analyze the
running time of your algorithm.

Hint:
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∑

k
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ln xi . Furthermore,
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∏k
i=1 xi < 1.

(continues on the next page)

1A polynomial time algorithm is an algorithm that has running time O
(

n
k
)

, where k is a positive constant.



Exercise 3 : 20 Points

Let v1, v2, . . . be the order in which nodes are scanned in the Dijkstra algorithm. Show that
µ(s, v1) ≤ µ(s, v2) ≤ . . ., i.e., nodes are scanned in order of increasing shortest path distances.

Exercise 4 : 20 Points

Design a graph and a non-negative cost function such that the relaxation of m − (n − 1) edges
causes a decrease p operation in the Dijkstra algorithm. (Do not interpret this like “after the
relaxation of m − (n − 1) edges occurs a decrease p operation”. Each of the m − (n − 1))
relaxations couses one decrease p operation.) Your construction must be parameterized, such
that one can create an instance of such graph for any given n and m.


