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Graphs and Hypergraphs

Models relationships between objects

Dyadic (2-ary) relationships

Graph G = (V , E)
vertices edges

Hypergraph H = (V , E)
Generalization of a graph
⇒ hyperedges connect ≥ 2 nodes

Arbitrary (d-ary) relationships

Edge set E ⊆ P (V ) \ ∅

hyperedge
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ε-Balanced Hypergraph Partitioning

Partition hypergraph H = (V , E , c : V → R>0,ω : E → R>0) into
k disjoint blocks Π = {V1, . . . , Vk} such that

Blocks Vi are roughly equal-sized:

c(Vi) ≤ (1 + ε)
⌈c(V )

k

⌉
Objective function on hyperedges is minimized
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ε-Balanced Hypergraph Partitioning

Partition hypergraph H = (V , E , c : V → R>0,ω : E → R>0) into
k disjoint blocks Π = {V1, . . . , Vk} such that

Blocks Vi are roughly equal-sized:

c(Vi) ≤ (1 + ε)
⌈c(V )

k

⌉
Objective function on hyperedges is minimized

Common Objectives:
cut:

∑
e∈Cutω(e)

Connectivity:
∑

e∈cut(λ− 1) ω(e)

# blocks connected by e

imbalance parameter
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Applications

Rn×n 3 Ax = b ∈ Rn

VLSI Design

Route Planning Simulation Scientific Computing

Warehouse Optimization Complex Networks

[Martin Grandjean, via Wikimedia Commons]
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Parallel Sparse-Matrix Vector Product (SpM×V)

Ay =

b

yi ai j

bj

aik

bk

=
· ·

+

y = A b

Setting:
Repeated SpM×V on supercomputer

A is large⇒ distribute on multiple nodes

Symmetric partitioning⇒ y & b divided conformally with A

[Catalyürek,Aykanat]
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Parallel Sparse-Matrix Vector Product (SpM×V)

Ay =

b

yi ai j

bj

aik

bk

=
· ·

+

y = A b

Setting:
Repeated SpM×V on supercomputer

A is large⇒ distribute on multiple nodes

Symmetric partitioning⇒ y & b divided conformally with A

Task: distribute A to nodes of supercomputer such that
work is distributed evenly

communication overhead is minimized

[Catalyürek,Aykanat]
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Naive Approach: Rowwise Decomposition
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From SpM×V to Hypergraph Partitioning

A ∈ R16×16 ⇒ H = (VR, EC)
One vertex per row:
⇒ VR = {v1, v2, . . . , v16}
One hyperedge per column:
⇒ EC = {e1, e2, . . . , e16}
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One vertex per row:
⇒ VR = {v1, v2, . . . , v16}
One hyperedge per column:
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vi ∈ VR :

Inner product of row i with b
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From SpM×V to Hypergraph Partitioning

ej ∈ EC :

Set of vertices that need bj

A ∈ R16×16 ⇒ H = (VR, EC)
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From SpM×V to Hypergraph Partitioning
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From Hypergraph Partitioning to SpM×V
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How does

Hypergraph Partitioning

work?

Bad News:
Hypergraph Partitioning is NP-hard

Even finding good approximate solutions for graphs is NP-hard
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Taxonomy of Hypergraph Partitioning Tools
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Taxonomy of Hypergraph Partitioning Tools

Direct k-wayRecursive Bisection
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Karlsruhe Hypergraph Partitioning
⇒ Evade tradeoff n levels [ALENEX’16]

⇒ Combine high quality with good performance
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Latest Experimental Results - Quality
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Latest Experimental Results - Running Time

16



Sebastian Schlag – High Quality Hypergraph Partitioning Institute of Theoretical Informatics
Algorithmics Group

KaHyPar - Karlsruhe Hypergraph Partitioning

n-Level Partitioning Framework

Objectives:

Cut
Connectivity (λ− 1)

Partitioning Modes:

Recursive bisection
Direct k -way

Advanced Features:

Evolutionary algorithm
Flow-based refinement
Advanced local search algorithms

http://www.kahypar.org
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