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Recap: Suffix Array and LCP-Array
GBS92 MM93 1 2 3 4 5 6 8 9 10 11 12 183
Given a text T of length n, the (SA) is a T abab c a 5 Al b oa &
permutation of [1..n], such that for i < j € [1..n]
SA 13121 9 6 3 11 2 10 7 4 8 5
T[SA[]]..n] < T[SA[]..n] lcP0 01225021140 3
$ a-a a a a b bbb b c c
$ bbb b aa b c c a a
Given a text T of length n and its SA, the g g g g 0 2 2 3 g E 2
is defined as c $ b b a b c a a
a b c b a a $ b
0 i=1 b a a c $ b b
’ c $ b a b a
LCP[i] = { max{¢: T[SA[i]..SA[i] + ) = a b b a $
T[SAli — 1]..8A[i — 1] + )} i #1 b : ° $
g $
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o Timeline Sequential Suffix Sorting

F = N @ based on [Bah+19; Bin18; Kur20;
1/2 copy [BK] PST07]
i .d'"”ve' ® darker grey: linear running time

® brown: available implementation
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\;w'i‘m) Timeline Sequential Suffix Sorting

@ based on [Bah+19; Bin18; Kur20;
PSTO07]

& darker grey: linear running time
® brown: available implementation

Special Mentions

® DC3 first O(n) algorithm
® O(n) running time and O(1) space
for integer alphabets possible

Prefix
Doubling Induced Copying Recursion y
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'\;@'E’"ee) Timeline Sequential Suffix Sorting

@ based on [Bah+19; Bin18; Kur20;
PSTO07]

& darker grey: linear running time
® brown: available implementation

Special Mentions
® DC3 first O(n) algorithm
® O(n) running time and O(1) space
for integer alphabets possible

& until 2021: DivSufSort fastest in
practice with O(nlg n) running time

Prefix
Doubling Induced Copying Recursion y
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Timeline Sequential Suffix Sorting

@ based on [Bah+19; Bin18; Kur20;
PSTO07]

& darker grey: linear running time
® brown: available implementation

Special Mentions

® DC3 first O(n) algorithm

® O(n) running time and O(1) space
for integer alphabets possible

& until 2021: DivSufSort fastest in
practice with O(nlg n) running time

® since 2021: libSAIS fastest in
practice with O(n) running time
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External and Distributed Memory

External Memory
@ internal memory of size M words
& external memory of unlimited size
@ transfer of blocks of size B words

5— RIRI0A)

® scanning N elements: ©( )
= sorting N elements: ©(j lgu )

| semi-external memor)@
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External and Distributed Memory
External Memory Distributed Memory

@ internal memory of size M words @ p PEs with internal memory

@ external memory of unlimited size ® communication between PEs over network

m transfer of blocks of size B words

|PE1| |PE2| |PE3| PEp

5— RIRI0A)

memory
memory

® scanning N elements: (%
@ bulk-synchronous parallel model [Val90]

® supersteps: local work, communication,
synchronization

)
= sorting N elements: ©(j lgu )

| semi-external memor)@
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Challenges for Suffix Array Construction
Distributed Memory
El %Xet%(r)]rayl ® suffixes span over whole input @ no locality
® comparing suffixes requires text access

® random access
External Memory

|PE1| |PE2| |PE3| PEp

memory
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Challenges for Suffix Array Construction
external Distributed Memory
El memory ® suffixes span over whole input © no locality

® comparing suffixes requires text access

® random access
External Memory

|PE1| |PE2| [PEB| ..o [PEp ® random access expensive in both models
® whole suffix not available locally in distributed
memory

memory
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Challenges for Suffix Array Construction
external Distributed Memory
El memory ® suffixes span over whole input © no locality

® comparing suffixes requires text access

® random access
External Memory

|PE1| |PE2| [PEB| ..o [PEp ® random access expensive in both models
® whole suffix not available locally in distributed
memory

memory

® express suffix array construction algorithm
using
® scanning
& sorting
® merging
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Distributed Memory

|PE1||PE2| |PE3| PEp
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Distributed Memory

|PE1||PE2| |PE3| PEp
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Distributed Memory

|PE1||PE2| |PE3| PEp
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h-Order, h-Groups, and h-Ranks

@ h-Order:
T[i..n] <p T[j..n] <= Tli..i+h) < T[j..j+h)
& SA, is the suffix array of all suffixes orderd by
h-order ® not unambigously
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h-Order, h-Groups, and h-Ranks

Definition: h-Order
@ h-Order:
T[i..n] <p T[j..n] <= Tli..i+h) < T[j..j+h)
@ SA, is the suffix array of all suffixes orderd by
h-order ® not unambigously

Definition: h-Ranks und h-Groups

@ all suffixes that are equal w.r.t. an h-order are in
an h-group

@ /-rank: number of lexicographically smaller
h-groups plus one
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h-Order, h-Groups, and h-Ranks ﬂIT

Definition: h-Order

— [m[ils[s[ils[s[ilop[i]s]
. ) . . . i|s|s|i]s|s|i|p|p|i]$
Tli..r] <p T[jon] <= T[id+h) < Tlj.j+h) :s:s:ilslsli: : :i:$: |
® SA, is the suffix array of all suffixes orderd by : : P ?
h-order @ not unambigously :5:1:5:5:1:9:9:1:$|
i|s|s|i|p|p|i]$

Definition: h-Ranks und h-Groups [slslilp[p[ils]

@ all suffixes that are equal w.r.t. an h-order are in s[ilplp[ils]

=
=

an h-group
® f-rank: number of lexicographically smaller plpfi]s]
h-groups plus one plils]

][

7125 2023-01-09 Florian Kurpicz | Text Indexing | 09 Suffix Array in Distributed and External Memory Institute for Theoretical Informatics, Algorithm Engineering



h-Order, h-Groups, and h-Ranks IT

Definition: h-Order

— (s [sIils[s[ileleli]s]
; ) , . . ils)slils|s|i|p|p|i]$
Tli..r] <p T[jon] <= T[id+h) < Tlj.j+h) :S:S:ilsls:i: : :i:$: |
® SA; is the suffix array of all suffixes orderd by : : £ ?
h-order ® not unambigously :5:1:5:5:1:9:9:1:$|
ilsis|i|plp|i]$

Definition: h-Ranks und h-Groups [sls[ilp[p[ils]

@ all suffixes that are equal w.r.t. an h-order are in o[ [elp[ils]
an h-group I!I!I!!

® f-rank: number of lexicographically smaller ofelils]
h-groups plus one oifs]

L
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h-Order, h-Groups, and h-Ranks IT

Definition: h-Order

— (s [sIils[s[ileleli]s]
; ) , . . i|ls|s|i]s|s|i|p|p|i]$
Tli..r] <p T[jon] <= T[id+h) < Tlj.j+h) :s:s:ilsls:i: : :i:$: |
® SA; is the suffix array of all suffixes orderd by : : £ ?
h-order ® not unambigously :5:1:5:5:1:9:9:1:$|
ils|s|ifp|p|i|$

Definition: h-Ranks und h-Groups [slslilp[p[ils]

@ all suffixes that are equal w.r.t. an h-order are in s[ilplp[ils]
an h-group I!I!I!!

® f-rank: number of lexicographically smaller ofelils]
h-groups plus one oifs]

L
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Prefix-Doubling: The Idea

| 1-rank is the first character
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Prefix-Doubling: The Idea

® 1-rank is the first character
® 2-rank can be computed from first 2 characters
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Prefix-Doubling: The Idea

® 1-rank is the first character
® 2-rank can be computed from first 2 characters
& 3-rank can be computed from first 3 characters
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Prefix-Doubling: The Idea

® 1-rank is the first character

® 2-rank can be computed from first 2 characters
& 3-rank can be computed from first 3 characters
® 4-rank can be computed from first 4 characters
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Prefix-Doubling: The Idea

1-rank is the first character

2-rank can be computed from first 2 characters
3-rank can be computed from first 3 characters
4-rank can be computed from first 4 characters

4-rank can be computed from two 2-ranks
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Prefix-Doubling: The Idea

1-rank is the first character

2-rank can be computed from first 2 characters
3-rank can be computed from first 3 characters
4-rank can be computed from first 4 characters

4-rank can be computed from two 2-ranks

compute 2K*"-ranks using 2-ranks
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Prefix-Doubling: Example

—_

. initial rank is T[]
. for k =0to [lgn]
3. new 2Kt'-ranks based on

[m[ilss[ils[s[i[p[p]i]s]
Lils[slifs[s|ilp[p[i]s]
[slslils[s[ilp[p[ifs]

ISAx[i] & I1SAx[i + 2K] ?:ilslfli:p:?:;”
ils|s|i|p|p|i

N

5=

if all ranks are unique, break

compute SA from ISA slip]p[i]$]
lilelp[i]s]
lplplifs]

o

<] [ ]
= [ |
= ™
=
=
=
|

e ][]
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Prefix-Doubling: Example

—_

. initial rank is T[]
. for k =0to [lgn]
3. new 2Kt'-ranks based on

[n[ilsls[ils[s[i[p[p]i]s]
Lilslslifs[s]ilp[p[i]s]
Lslslils[s[ilp[p[ifs]

ISAx[i] & I1SAx[i + 2K] ?:ilslfli:p:?:;”
i|ls|s|i|plp|i

N

5=

if all ranks are unique, break

compute SA from ISA slifp]p[i]$]
Lilelp[ils]
lelelifs]

o

<] [ ]
= [ |
= ™
=
=
=
|

fee ][]
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Prefix-Doubling: Example

—_

. initial rank is T[]
. for k =0to [lgn]
3. new 2¢*'-ranks based on

Infils[s|ils[sfilp[p]i]s]
Lilslslilsls[ilplp]ifs]
[s[slils[s]ifp[p]i]s]
ls[ils[s]ilp[p[ils]
Lils[s[ilp]p]ifs]

N

ISA[i] & ISAx[i + 2¥]

4. if all ranks are unique, break [s[s[i]p]p]i]$s]
5. compute SA from ISA [plplils]

[oTeils]
1K

ils
[i]plp[i]s]
[p[p[ils]

=
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Prefix-Doubling: Example

9/25

N —

SN

. initial rank is T[]
. for k =0to [lgn]
new 2K+'-ranks based on

2023-01-09

if all ranks are unique, break
compute SA from ISA

KIT
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Alslslils[s[ilp[p[i]s]

slslils[s[ilp[p[is]

slils[s]ilplp[i]$]

Als[s]i[p[p[i]s]

ISA[i] & ISAx[i + 2¥]

slslilplp[ils]

slilplpils]

i|p[p[i]s]
4]

Florian Kurpicz | Text Indexing | 09 Suffix Array in Distributed and External Memory

Institute for Theoretical Informatics, Algorithm Engineering


https://doi.org/10.1016/j.tcs.2007.07.017

Prefix-Doubling: Example

9/25

N —

SN

. initial rank is T[]
. for k =0to [lgn]
new 2K+'-ranks based on

2023-01-09

if all ranks are unique, break
compute SA from ISA
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Alslslils[s[ilp[p[i]s]

slslils[s[ilp]p[ifs]

slils[s]ilplp[i]$]

Alssli[p[p[i]s]

ISA[i] & ISAx[i + 2¥]

slslilplp[ils]

#lilplpils]

i|p[p[i]s]
4]
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Prefix-Doubling: Example

9/25

NN —

SN

. initial rank is T[] ® 1-rank
. for k =0to [lgn]
new 2K+'-ranks based on

2023-01-09

if all ranks are unique, break
compute SA from ISA

KIT
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Alslslils[s[ilp[p[i]s]

slslilsls[ilp[p[ifs

slils[s]ilplp[i]$]

Alssli[p[p[i]s]

ISA[i] & ISAx[i + 2¥]

ss[ilp[p[is]

[ [~ [ (][] [=]

slilplplils]

REYENRIEN

i|p[p[i]s]
4]

=l
=l
[+
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
. for k =0to [lgn]
3. new 2¢*'-ranks based on

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o
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[s]slifs[s[i[p[p[i]s$]
s sfils[s]ilp[p[il$]
slis]slilpfp[if$]
[s[s[i[p[p[ils]
s|slilpfp]ils]
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
. for k =0to [lgn]
3. new 2¢*'-ranks based on

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o
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[sdslils]s[ilp[pils]
Nsdilsls[ilelp[i]s]
Nids|slilplp[ifs]
Nsds[ilp[p[ils]

EEFEEEEEEEEE
EEEEEEEEEEEE
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
. for k =0to [lgn]
3. new 2¢*'-ranks based on

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o
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[dTils]s[ilplpils]
Ned iIslslilelp]i]s]
Vidsslilelp[ifs]
Ned-Tilp[p[ils]

EEFEEEEEEEEE
EEEEEEEEEEEE
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
. for k =0to [lgn]
3. new 2¢*'-ranks based on

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o
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[dTils]s[ilplpils]
Ned iIslslilelp]i]s]
Vidsslilelp[ifs]
NAd-Tilelplils]

ot o N N® e N® s
EEEEEEEEEEEE
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
. for k =0to [lgn]
3. new 2¢*'-ranks based on

N

ISA[i] & ISAx[i + 2¥]

g

if all ranks are unique, break
compute SA from ISA

o
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[dTils]s[ilplpils]
Ned iIslslilelp]i]s]
Vidsslilelp[ifs]
NAd-Tilelplils]

ot to N N® e N~
coo - doNN®wN®
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
for k = 0to [lgn]
3. new 2¢*'-ranks based on

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o
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[d-lils]slilplp[i]$]
181 d Islslilp[p[if$]
AsIslilelp]i]s]

ot to N N® e N~
------
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
for k = 0to [lgn]
3. new 2¢*'-ranks based on

A

ISA[i] & ISAx[i + 2¥]

g

if all ranks are unique, break
compute SA from ISA

o
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[dslilsTsTilplplil$]
B Ails]slilp[p[ifs]
ids]s]ilp]p i3]

ot to N N® e N~
------
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
for k = 0to [lgn]
3. new 2¢*'-ranks based on

[sdslifssTilplp[ils]
B Ails]slilp[p[ifs]
iJs[s]iJplp]i]s]

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o

------
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
for k = 0to [lgn]
3. new 2¢*'-ranks based on

[sdslifssTilplp[ils]
B Ails]slilp[p[ifs]
iJs[s]iJplp]i]s]

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o

------
l
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Prefix-Doubling: Example

—_

. initial rank is T[] ® 1-rank
. for k =0to [lgn]
3. new 2¢*'-ranks based on

[sdslifssTilplp[ils]
14 dis]s]ilp[p[if$]
iJs[s]iJplp]i]s]

N

ISA[i] & ISAx[i + 2¥]

5=

if all ranks are unique, break
compute SA from ISA

o

oooco-~aoeNNOw
!
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Prefix-Doubling: Example

1. initial rank is T[i] © 1-rank
2. for k =0to [Ign|
3. new 2¢*'-ranks based on

[sdslifssTilplp[ils]
14 dis]s]ilp[p[if$]
ifs[s]ilp]p]i]s]

ISA[i] & ISAx[i + 2¥]

4. if all ranks are unique, break
5. compute SA from ISA

Simple Algorithm .

& N. Jesper Larsson and Kunihiko Sadakane.
“Faster Suffix Sorting”. In: Theor. Comput. Sci.
387.3 (2007), pages 258—272. DOI:

10.1016/j .tcs.2007.07.017

oooco-~aoeNNOw
!
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Prefix-Doubling: Practical Approaches

Use ISA; [ ]

® use ISAx« to compute rank tuples
m for position i use rank ISAx[i + 2]
® if i + 2K > n, second rank is 0

® example on the board £/
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Prefix-Doubling: Practical Approaches
Use ISA; [ ] Sort by Text Positions | ; ]
@ use /SA.« to compute rank tuples ® especially good if access to ISA;, is expensive
® for position i use rank ISAx[i + 2] ® sort tuples (Textposition i, Rang r)
® if i + 2% > n, second rank is 0 ® using (i, r) < (j, r') iff

] le on the board 2!
example on the boar (imod2¥, [i/2¢]) < (jmod 2¥, |j/2" )

® example on the board £/
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Prefix-Doubling: Running Time

® running time: O(nlg n)
® memory requirements: 8n(+n) words

® worst-case input: T = a"~'$
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Prefix-Doubling: Running Time

® running time: O(nlg n) Generalization

® memory requirements: 8n(-+n) words & for ® more than doubling is possible
texts < 4 GiB ® compute o**'-ranks using o a*-ranks
® can save [/Osin EM @ v — 4 requires 30 % less

® worst-case input: T = a"~'$
I/Os than o« = 2 [Dem+08]
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Prefix Doubling: Experimental Results [Kur20]
100 512MiB per PE 1024 MiB per PE 1536 MiB per PE
o - 100 |-
so | -
Eg Lo X
o
g:’ 31.6 |-
£3
€5 A0 e A .
Q35 g —— pDivSufSort [
O o .
< 1 A0S —e— pPreDoubling [
16 32 64 63264 1 2 4 8 163264 psac
63.1 |+ 63.1 1[5 oo o6 oo
31.6 [

Commoncrawl
construction space (B/n)

| e e X
25.1 | | 1 | L 1 251
1 2 4 8 16 32 64 1 2 4 8163264 1 2 4 8 16 32 64
PEs (20 threads) PEs (20 threads) PEs (20 threads)
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.
Recap: SAIS

The Idea: Inducing

Given a text T of length n and two positions
i,j € [1..n] with T[i] = T[j], then

Tli.n) < T[j..n] <= T[i+1..n] < T[j+1..n]
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.
Recap: SAIS

The Idea: Inducing

Given a text T of length n and two positions
i,j € [1..n] with T[i] = T[j], then

Tli.n) < T[j..n] <= T[i+1..n] < T[j+1..n]

a] o | [al ] |
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Recap: SAIS

The Idea: Inducing

Given a text T of length n and two positions
i,j € [1..n] with T[i] = TI[j], then

Tli.n) < T[j..n] <= T[i+1..n] < T[j+1..n]

a] o | [al ] |

The Algorithm: SAIS

® using inducing for everything
@ described in [NZC11]
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Recap: SAIS
The Idea: Inducing Suffix Array Construction in 3 Phases
Given a text T of length n and two positions ® classification
i,j € [1..n] with T[i] = T[j], then ® sort special substrings/suffixes recursively
Tli.n] < T[j.n] = T[i+1.n] < T[j + 1..1] ® induce all non-sorted suffixes
[a] a | [a] B |

The Algorithm: SAIS

® using inducing for everything
@ described in [NZC11]
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Recap: SAIS IT

The Idea: Inducing Suffix Array Construction in 3 Phases

Given a text T of length n and two positions ® classification

i,j € [1..n] with T[i] = T[j], then ® sort special substrings/suffixes recursively
Tli.n] < T[j.n] = T[i+1.n] < T[j + 1..1] ® induce all non-sorted suffixes
[a] a | [a] B | ® classification helps identifying special suffixes

® everything in linear time

The Algorithm: SAIS

® using inducing for everything
@ described in [NZC11]
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SAIS in External Memory [BFO16; Kar+17] IT

Classification ® separate text during classification
@ simple scan of the text ® blockwise preinducing
® works well in external memory ® heavily relies on external memory priority queue

Sort Special Substrings

& recursion
@ works well in external memory if rest works well

Inducing
@ keep buffer for each a-interval of suffix array

@ scan text and induce characters by writing them
in buffer
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Jack of all Trades: DC3 A“(IT

Karlsruhe Institute of Technology

& first direct linear time suffix array construction
algorithm: DC3

& suffix tree construction algorithm with similar
idea [Far97]

® Juha Karkkainen, Peter Sanders, and
Stefan Burkhardt. “Linear work suffix array
construction”. In: J. ACM 53.6 (2006),
pages 918-936. DOI:
10.1145/1217856.1217858

® based on Difference Cover
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Difference Cover

Definition: Difference Cover

The set D C [0, v) is a difference cover modulo v, if
{(i—=j) modv:ijeD}=]0,v)
m {0, 1} is difference cover modulo 3

m {0, 1,3} is difference cover modulo 7
m {0,1,3,9} is difference cover modulo 13
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Difference Cover

Ui

Karlsruhe Institute of Technology

Definition: Difference Cover ®0=0-0 (mod 3)

The set D C [0, v) is a difference cover modulo v, if @ 1=1-0 (mod 3)

{(i—=j) modv:ijeD}=]0,v)
m {0, 1} is difference cover modulo 3

m {0, 1,3} is difference cover modulo 7
m {0,1,3,9} is difference cover modulo 13

16/25 2023-01-09 Florian Kurpicz | Text Indexing | 09 Suffix Array in Distributed and External Memory
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Difference Cover

0=0-—0 (mod 3)
1=1-0 (mod 3)
2=0-—1 (mod 3)

Theset D C [0,v)isa modulo v, if

{(i—j) modv:ijeD}=][0,v)

a {0,1} is difference cover modulo 3 S B=0-0 {med 7)
m {0, 1,3} is difference cover modulo 7 S 1=1 -0 {med 7)
m {0,1,3,9} is difference cover modulo 13 8 2=3 =1 (med 7)
®3=3-0 (mod7)
® 4=0-3 (mod 7)
® 5=1-3 (mod 7)
®m6=0—1 (mod 7)
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Suffix Array Construction with DC3 (1/6)

1. Sample Suffixes
012345867 891011

w forj € {0,1,2} let be

[m[i]s[s[ifs[s[ilp]p[i]s]

Bi={i€[0,n):i mod 3=k}

® C=5B,- B
o {0, 1} is difference cover modulo 3
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Suffix Array Construction with DC3 (1/6)

1. Sample Suffixes
012345867 891011

w forj € {0,1,2} let be

[m[i]s[s[ifs[s[ilp]p[i]s]

Bi={i€[0,n):i mod 3=k}

® C=5B,- B
o {0, 1} is difference cover modulo 3
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Suffix Array Construction with DC3 (1/6)

1. Sample Suffixes
012345867 891011

w forj € {0,1,2} let be [m[ils[s[i[s]s]i]p[p[i]$]
B ={ic0o,n):i mod3=k e
IC:BO-B1

o {0, 1} is difference cover modulo 3
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Suffix Array Construction with DC3 (1/6)
1. Sample Suffixes DB e AR E T E S
m forj € {0,1,2} let be mli[s[s|i]s]s|ilplp|i]$]
B,={ic[0,n):i mod3=k} e
® C=5- B
o {0, 1} is difference cover modulo 3 w C={0,3,6,9,1,4,7,10}
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Suffix Array Construction with DC3 (2/6)

2. Sort Sampled Suffixes

@ fork =0,1 let be
R = [TIK]T[k +1]T[k + 2]][T[k + 3] T[k + 4] T[k + 5]] . . . [T[max Bx] T[max By + 1] T[max Bx + 2]]

® R=FRy- R

® sort R with Radix Sort in O(n) time

® 3|l characters unique: ranks of sampled suffixes are known
a otherwise: recursively execute algorithm on R
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Suffix Array Construction with DC3 (2/6)

2. Sort Sampled Suffixes

@ fork =0,1 let be
R = [TIK]T[k +1]T[k + 2]][T[k + 3] T[k + 4] T[k + 5]] . . . [T[max Bx] T[max By + 1] T[max Bx + 2]]

® R=FRy- R

® sort R with Radix Sort in O(n) time

® 3|l characters unique: ranks of sampled suffixes are known
a otherwise: recursively execute algorithm on R

o 1 2 3 4 5 6 7
LImis] | [sis] | [sip] | [pi$] | [iss] | [iss] | [ipp] | [i$9] |
3 6 5 4 2 2 1 0
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Suffix Array Construction with DC3 (2/6)

2. Sort Sampled Suffixes

@ fork =0,1 let be
R = [TIK]T[k +1]T[k + 2]][T[k + 3] T[k + 4] T[k + 5]] . . . [T[max Bx] T[max By + 1] T[max Bx + 2]]

® R=FRy- R

® sort R with Radix Sort in O(n) time

® 3|l characters unique: ranks of sampled suffixes are known
a otherwise: recursively execute algorithm on R

o 1 2 3 4 5 6 7
LImis] | [sis] | [sip] | [pi$] | [iss] | [iss] | [ipp] | [i$9] |
3 6 5 4 2 2 1 0
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Suffix Array Construction with DC3 (3/6)

Recursion: Step 1

01234567
[3l6]s]a]2]2]1]0]
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Suffix Array Construction with DC3 (3/6)

Recursion: Step 1

01234567
[3l6]s]a]2]2]1]0]
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Suffix Array Construction with DC3 (3/6)

Recursion: Step 1

01234567
[3l6]s]a]2]2]1]0]
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Suffix Array Construction with DC3 (3/6)

Recursion: Step 1

01234567
[3l6]s]a]2]2]1]0]

w C={0,3,6,1,4,7}
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Suffix Array Construction with DC3 (3/6)

Recursion: Step 1 Recursion: Step 2

01234567 o 1 2 3 4 5
[3l6]s]a]2]2]1]0] [[365] | [422] | [100] | [654] | [221] | [000] |
: : b 3 4 1 5 2 0

a C=10,3,6,1,4,7}
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Suffix Array Construction with DC3 (4/6)

3. Sort Non-Sampled Suffixes

@ leti,j € By, then
Si<S§ =
(T11l, Rang(Sit+1)) < (T, Rang(Sj+1))

& ranks of next two suffixes is known

® sort tuples (in B,) using Radix Sort
® O(n) time
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Suffix Array Construction with DC3 (4/6)

3. Sort Non-Sampled Suffixes

@ leti,j € By, then
Si<S§ =

(T1, Rang(Si1)) < (T[], Rang(Sy-1)) ranks

® ranks of next two suffixes is known
® sort tuples (in B,) using Radix Sort
® O(n) time
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Suffix Array Construction with DC3 (4/6)

3. Sort Non-Sampled Suffixes

@ leti,j € By, then
Si<S§ =

(T1, Rang(Si1)) < (T[], Rang(Sy-1)) ranks

® ranks of next two suffixes is known
® sort tuples (in B,) using Radix Sort
® O(n) time
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Suffix Array Construction with DC3 (4/6)

3. Sort Non-Sampled Suffixes
01234567

@ leti,j € By, then
Si<S§ =
(T11l, Rang(Sit+1)) < (T, Rang(Sj+1))

[3[6]s5]4]2]2[1]e]
ranks 3 5 1L 4 2 1L 10

o m (2,1) < (5,4)
® ranks of next two suffixes is known NI NI

® sort tuples (in Bo) using Radix Sort S S

® O(n) time
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Suffix Array Construction with DC3 (5/6)

4. Merge Suffixes

@ letje€ Candj € B, then
® ifj € By, then
S$<S§ —
(T[], Rang(Si+1)) < (T[j], Rang(Sj++))
& if j € By, then
S$<S§ —
(T[I]7 T[’ + 1]7 Rang(sf+2)) <
(TUL TIj + 1], Rang(Sj+2))
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Suffix Array Construction with DC3 (5/6) ﬂIT

4. Merge Suffixes

: : 0123 4567
m leti € Candj € B, then [3]6]5]4]2]2]1]0]
@ if i € Bo, then

S<§ — ranks 3 5 1L 4 2 1 10
(T[], Rang(Si+1)) < (T, Rang(Sj++1))
& if j € By, then
S$<S§ —
(T[], T[i + 1], Rang(Si42)) <
(T, TU + 1], Rang(S;+2))
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Suffix Array Construction with DC3 (5/6) ﬂIT

4. Merge Suffixes

: : 0123456 7
m leti € Candj € B, then [3]6]5]4]2]2]1]0]
@ if i € Bo, then

S<§ — ranks 3 5 1L 4 2 1 10
(T[], Rang(Si+1)) < (T, Rang(Sj++1))
& if j € By, then
S$<S§ —
(T[], T[i + 1], Rang(Si42)) <
(T, TU + 1], Rang(S;+2))
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Suffix Array Construction with DC3 (5/6) ﬂIT

4. Merge Suffixes

@ letje€ Candj € B, then

01234567
[3le]s[a]2]2]1]0]

.gilgg:’ih:er: ranks 3 5 1L 4 2 1 10
(T[], Rang(Si+1)) < (T[j], Rang(Sj++))

® if j € By, then m (2,1) < (5,4)
S <S§ — ~——
(T[, T[i 4+ 1], Rang(Si+2)) < 5 Ss

(TU), T + 1], Rang(Sj+2))
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Suffix Array Construction with DC3 (5/6)

4. Merge Suffixes
0123456867

@ letje€ Candj € B, then

[3[6]s]a]2]2]1]0]

.gilgg:’ih:er: ranks 3 5 1L 4 2 1 10
(T[], Rang(Si+1)) < (T[j], Rang(Sj++))

® if j € By, then m (2,1) < (5,4)
S <S§ — ~——
(T[, T[i 4+ 1], Rang(Si+2)) < 5 Ss

(TU1, TU + 1], Rang(S+2))
= (0,0,0) < (2,0,0)
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Suffix Array Construction with DC3 (5/6)

4. Merge Suffixes

@ letje€ Candj € B, then
® ifj € By, then
S$<S§ —
(T[], Rang(Si+1)) < (T[j], Rang(Sj++))
& if j € By, then
S <S§ —
(T[I]a T[/ + 1]7 Rang(sf+2)) <
(TUL TIj + 1], Rang(Sj+2))
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[3[6]s5]4]2]2]1]e]
ranks 3 5 1L 4 2 1L 10

m(2,1) < (5,4)
——
Sz Ss

= (0,0,0) < (2,0,0)
a (170) S (271)
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Suffix Array Construction with DC3 (5/6)

4. Merge Suffixes
0123456867

@ letje€ Candj € B, then

[3[6]s]a]2]2]1]0]

® ifj € By, then
S<§ ranks 3 5 1L 4 2 1L 10
(T[i], Rang(Si+1)) < (T[j], Rang(Sj+1))
® if j € By, then m (2,1) < (5,4)
S <S§ — ~——
(T[i], T[i + 1], Rang(Si:2)) < S S
(TU], Tl + 1], Rang(Sj+2))
a (0,0,0) < (2,0,0)
® (1,0) < (2,1)
= (2,1,0) < (2,2,1)
e ...
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Suffix Array Construction with DC3 (5/6)

4. Merge Suffixes
0123456867

@ letje€ Candj € B, then

[3[6]s]a]2]2]1]0]

® ifj € By, then
S<§ ranks 3 5 1L 4 2 1L 10
(T[i], Rang(Si+1)) < (T[j], Rang(Sj+1))
® if j € By, then m (2,1) < (5,4)
S <S§ — ~——
(T[i], T[i + 1], Rang(Si:2)) < S S
(TU], Tl + 1], Rang(Sj+2))
a (0,0,0) < (2,0,0)
® (1,0) < (2,1)
= (2,1,0) < (2,2,1)
e ...

®ranks: 47653210
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Suffix Array Construction with DC3 (6/6)

Finish Recursion

o 1 2 3 4 5 6 7
L[mis] [ [sis] [ [sip] | [pi$] | [iss] | [iss] [ [ipp] | [1$9] |
4 7 6 5 3 2 1 0
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Suffix Array Construction with DC3 (6/6)

Finish Recursion

o 1 2 3 4 5 6 7
L[mis] [ [sis] [ [sip] | [pi$] | [iss] | [iss] [ [ipp] | [1$9] |
4 7 6 5 3 2 1 0

0123456 7 8 9 1011
Im[i]s]s[ils[s[ilp[pi]s]
ranks 4 3 L 7 2 1L 61 1L50 L
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Suffix Array Construction with DC3 (6/6)

Finish Recursion

o 1 2 3 4 5 6 7
L[mis] [ [sis] [ [sip] | [pi$] | [iss] | [iss] [ [ipp] | [1$9] |
4 7 6 5 3 2 1 0

0123456 7 8 9 1011
Im[i]s]s[ils[s[ilp[pi]s]
ranks 4 3 L 7 2 1L 61 1L50 L

® rest can be used as exercise
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DC3: Running Times

® everything but recursion obviously in O(n) time
® only sorting tuples of size < 3
® Radix Sort in O(n) time
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DC3: Running Times A“(IT

everything but recursion obviously in O(n) time
only sorting tuples of size < 3
Radix Sort in O(n) time

® recursion on texts of size [2n/3]
T(n) = T(2n/3) + O(n) = O(n)
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DC3: Running Times

everything but recursion obviously in O(n) time
only sorting tuples of size < 3
Radix Sort in O(n) time

recursion on texts of size [2n/3]
T(n) = T(2n/3) + O(n) = O(n)

Generalization

& works with every difference cover

® sorting somewhat more complicated
® running time: O(vn)
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DC3: Running Times ﬂ(IT

Karlsruhe Institute of Technology

® everything but recursion obviously in O(n) time

® only sorting tuples of size < 3 ® external memory: O( 45 lgu £) @ using D disks

® Radix Sort in O(n) time = BSP: o(J_ +LIg? P+ gPlf;En;’P)) @ using P
PEs

® recursion on texts of size [2n/3] ® EREW-PRAM: O(lg? n) time and O(nlg n) work

® T(n)=T(2n/3) + O(n) = O(n)

Generalization

& works with every difference cover
® sorting somewhat more complicated
® running time: O(vn)

23/25 2023-01-09 Florian Kurpicz | Text Indexing | 09 Suffix Array in Distributed and External Memory Institute for Theoretical Informatics, Algorithm Engineering



KIT

Prefix Doubling: Experimental Results [Kur20]
100 512MiB per PE 1024 MiB per PE 1536 MiB per PE
oy - 100 |-
sa | -
82 Lo g —«— pDivSufSort [
Lg) = 31.6 - —e— pPreDoubling [
£ i—:i psac
§S Op i ;/V """"""""""" —+—pDC3
° -o'g 1 | 10 | | | | | | | T pDC7
6 32 64 64 1 2 4 8 1632 64 pDC13

63.1 [g—8—=9 31.6 |-

—v—v
39.8 |-

R R M
25.1 |-

| e e X
25.1 B I | | ! 425‘1 1 | | |
1 2 4 8 1632 64 1 2 4 8163264 1 2 4 8 163264
PEs (20 threads) PEs (20 threads) PEs (20 threads)

Commoncrawl
construction space (B/n)
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